We examine the solvent-mediated interaction between two neutral colloidal particles due to preferential adsorption in a near-critical binary mixture. We take into account the renormalization effect due to the critical fluctuations using the recent local functional theory [J. Chem. Phys. 136, 114704 (2012)]. We calculate the free energy and the force between two colloidal particles as functions of the temperature T , the composition far from the colloidal particles c∞, and the colloid separation ℓ. The interaction is much enhanced when the component favored by the colloid surfaces is poor in the reservoir. For such off-critical compositions, we find a surface of a first-order bridging transition ℓ = ℓcx(T, c∞) in the T -c∞-ℓ space in a universal, scaled form, across which a discontinuous change occurs between separated and bridged states. This surface starts from the bulk coexistence surface (CX) and ends at a bridging critical line ℓ = ℓc(T ). On approaching the critical line, the discontinuity vanishes and the derivatives of the force with respect to T and ℓ both diverge. Furthermore, bridged states continuously change into separated states if c∞ (or T ) is varied from a value on CX to value far from CX with ℓ kept smaller than ℓc(T ).
I. INTRODUCTION
Much attention has been paid to the physics of fluids in restricted geometries [1, 2] . The microscopic interactions between the fluid molecules and the solid surface can greatly influence the phase transition behavior of the confined fluid [3] . The liquid phase is usually favored by the walls in fluids undergoing gas-liquid phase separation, while one component is preferentially attracted to the walls in binary mixtures. In the film geometry, narrow regions may be filled with the phase favored by the confining walls or may hold some fraction of the disfavored phase. Between these two states, there can be a first-order phase transition, called capillary condensation [1, 2, 4] , depending on the temperature T , and the reservoir chemical potential µ ∞ for each given wall separation D. This phenomenon occurs both in one-component fluids and binary mixtures.
As another aspect, adsorption-induced density or composition disturbances are known to produce an attractive interaction between solid objects [5, 6] . In binary mixtures, it is amplified when the solvent far from these objects is poor in the component favored by the surfaces [6] . Such solvent-mediate interactions should play an important role in reversible aggregation of colloidal particles in near-critical binary mixtures at off-critical compositions [7] [8] [9] [10] . In such situations, strong preferenial adsorption was observed by light scattering [7] . It is worth noting that the colloid-wall interaction in a near-critical fluid has been measured directly [11, 12] . We mention some theoretical papers, which treated the solvent-mediated colloid interaction in an early stage [13] [14] [15] [16] [17] .
However, other interactions come into play in real systems. First, we should account for the van der Waals (dispersion) interaction, which sometimes gives rise to intriguing effects in wetting behavior [3, 4, 18, 19] . In this paper, we examine importance of the van der Waals interaction as compared to the adsorption-induced interaction. Second, in aqueous fluids, the colloid surface can be ionized and the counterions and added ions form an electric double layer, resulting in the screened Coulomb interaction [3, 4, 18] . This repulsive interaction can be very strong close to the surface, but it decays exponentially with the Debye screening length κ −1 . Third, in near-critical fluids, the ion distributions and the critical fluctuations become highly heterogeneous around the colloid surfaces [20] . As a result, the wetting layer formation and the surface ionization are strongly coupled, which much complicates the colloid interaction.
On approaching the solvent criticality, the adsorptioninduced interaction becomes long-ranged and universal [20] [21] [22] [23] [24] , where the wall-induced heterogeneities extend over mesoscopic length scales. In the film geometry, some universal scaling relations are well-known and considerable efforts have been made to calculate [23, 24] or measure [11, 24, 25 ] the so-called Casimir amplitudes (coefficients in universal relations) [26] , In these papers, nearcritical fluids at the critical composition have mostly been treated along the critical path µ ∞ = 0. On the other hand, Macio lek et al [27] found strong enhancement of one of the amplitudes in two-dimensional Ising films under applied magnetic field. In accord with their finding, we have recently found growing of the amplitudes at offcritical compositions [28] , which is particularly marked near a first-order capillary condensation line in the T -µ ∞ plane. We have also examined phase separation dynamics around the capillary condensation line [29] .
In this paper, we aim to investigate the interaction between two neutral colloidal particles due to preferential adsorption in a near-critical binary mixture. We shall see that the solvent-mediated interaction is much enhanced when the component favored by the colloid surfaces is poor in the reservoir, as in the case of the Casimir amplitudes. We also aim to examine the bridging transition between two colloidal particles [4, 30] , which is analogous to the capillary condensation transition in a film. That is, two large particles (or one large particle and a plate) are connected by the phase favored by the walls in bridged states, while they are disconnected by intrusion of the disfavored phase in separated states. Bridged states appear near the bulk coexistence curve as the separation distance is decreased. As previous papers on bridging, we mention numerical calculations of phenomenological models [31, 32] , density functional theories [6, 33] , and a Monte Carlo study [34] . We also note that a bubble bridging can occur between hydrophobic surfaces in water [35] , which is related to predrying of hydrophobic surfaces [36] . Similarly, in the isotropic phase of liquid crystals, a nematic domain can appear between closely separated solid objects [37, 38] .
The organization of this paper is as follows. In Sec.II, we will summarize the results of the local functional theory of near-critical binary mixtures. In Sec.III, we will present a theory on the adsorption-induced interaction among colloidal particles together with some simulation results. In Sec.IV, we will numerically investigate the bridging transition near the bulk criticality.
II. RENORMALIZED GINZBURG-LANDAU FREE ENERGY
We consider near-critical binary mixtures using our local functional theory taking into account the renormalization effect near the bulk criticality, which is similar to the linear parametric model by Schofield et al. [39, 40] and the local functional model by Fisher et al. [22, 23] . These authors treated near-critical fluids outside CX, while we define our model within CX. Furthermore, our model satisfies the two-scale-factor universality [40] . The critical amplitude ratios from our model are in fair agreement with reliable estimates for Ising systems.
We assume an upper critical solution temperature T c at a given average pressure. The order parameter ψ is proportional to c − c c , where c is the composition and c c is its critical value. The physical quantities exhibit singular dependence on ψ and the reduced temperature,
Hereafter, α = 0.110,β = 0.325, γ = 1.240, ν = 0.630, η = 0.0317, and δ = 4.815 are the usual critical exponents for Ising-like systems [40] . At the critical composition with τ > 0, the correlation length is written as ξ = ξ 0 τ −ν , where ξ 0 is a microscopic length. The coexistence curve in the region τ < 0 is denoted by CX. We write ψ in the coexisting two phases as ±ψ cx with
where b cx is a constant. We set up the singular bulk free energy F b , where the critical fluctuations with wave numbers larger than the inverse correlation length ξ −1 have been coarse-grained or renormalized. Including the square gradient term, F b is of the local functional form [22, 23, 28] ,
where the integral dr is within a cell. Outside CX (|ψ| > ψ cx ), the singular free energy density f = f (ψ, τ ) is written in the Ginzburg-Landau form,
We do not write a constant term (∝ |τ | 2−α ),which is a singular contribution for ψ = 0. In this paper, C is made dimensionless. Then, ξ . In the mean field theory, C, r/τ , and u in F b are constants independent of τ and ψ.
In our renormalized functional theory, they depend on a nonnegative variable w representing the distance from the criticality in the τ -ψ plane. Outside CX, fractional powers of w appear as [41] 
where u * is a universal number and is set equal to 2π 2 /9 in our numerical analysis.
From η ≪ 1, we have C ∼ = 1. We determine w as a function of τ and ψ by
For ψ = 0, we simply have w = τ . For τ = 0, we obtain w β ∝ |ψ|, leading to the Fisher-Yang results [22] : ξ ∝ |ψ| −ν/β and f ∝ ξ −d ∝ |ψ| 1+δ . These authors introduced the local correlation length ξ(ψ) for τ = 0.
In our scheme, ξ and the susceptibility χ are related to the second derivative f
For τ > 0 and ψ = 0, we find χ(τ, 0) = ξ 2 0 τ −γ . On approaching CX (ψ → ψ cx ), we require f ′ = ∂f /∂ψ → 0 to obtain b cx = 1.50/(3u * ξ 0 ) 1/2 and w = 1.714|τ |. The susceptibility on CX is determined by τ and is written as 10) with R χ = 8.82. The correlation length on CX is written as ξ cx = 0.334ξ 0 |τ | −ν . We also need to determine f inside CX (|ψ| < ψ cx and τ < 0) to discuss phase separation. Its simplest form is
where f cx is the free energy density on CX. Then, f , f ′ , and f ′′ are continuous across CX. We also set C = C cx = |σ cx τ | −ην inside CX, which is the value of C in Eq.(2.5) on CX. Here, we neglect the thermal fluctuations longer than ξ cx . In our applications, the space regions inside CX are not wider than ξ cx and the ψ 4 form in Eq.(2.11) is well justified. As an example, we may calculate the interface profile from Eqs.(2.3) and (2.11), where the surface tension is of the form [40] ,
(2.12)
We shall see another example inside CX in Fig.1 .
III. COLLOIDAL PARTICLES IN A NEAR-CRITICAL FLUID
We consider identical colloidal particles with common radius a much larger than ξ 0 in a near-critical binary mixture. We seek equilibrium profiles of ψ(r) around these large particles. We assume ψ → ψ ∞ far from them, where ψ ∞ is proportional to the composition deviation c ∞ − c c far from the colloidal particles. In its calculation, we take the limit of strong preferential adsorption. This ψ(r) minimizes the grand potential Ω, giving rise to attraction among the colloidal particles [13] [14] [15] [16] 20] . Typical reduced temperatures in this paper are from −1 to −10 in units of (ξ 0 /a) 1/ν and are very small for large a. Then the prewetting transition [19] may be assumed to occur at lower temperatures. In fact, we realize thick adsorption layers in our numerical analysis.
A. Equilibrium relations
On the cell surface we assume n·∇ψ = 0 for simplicity, but on the colloid surfaces we assume
where n is the normal unit vector from the interior to the exterior and h 1 is a large positive surface field arising from the short-range, fluid-surface interaction. In equilibrium, we minimize the grand potential, consisting of the bulk term and the surface term as
Hereafter, dr is the space integral outside the colloidal particles and in the cell, while dS is the surface integral on the colloid surfaces. We define the grand potential density including the gradient contribution,
where f ∞ = f (ψ ∞ ) and µ ∞ is related to ψ 0 by
In particular, µ ∞ ∼ = (ψ ∞ + ψ cx )/χ cx close to the negative branch of CX. The ω loc is nonnegative in our case, tending to 0 far from the colloidal particles. Minimization of Ω yields Eq.(3.1) as the boundary condition and
in the fluid region, where C ′ (ψ) = dC/dψ. In equilibrium, Ω is a function of the colloid centers R α = (R αx , R αy , R αz ) (α = 1, 2, · · ·). In Appendix A, we will derive the following equilibrium relation,
where i, j = x, y, z. The integral α dS is on the surface of the α-th colloidal particle and n α = (n αx , n αy , n αz ) is the normal unit vector from the colloid interior to the exterior. The Π ψij is the stress tensor due to the order parameter deviations given by [40] 
This tensor satisfies the relation,
which vanishes in equilibrium or under Eq.(3.5). Here, Π ψij → Π ∞ δ ij far from the colloidal particles with
If we further use Eq.(3.5), we obtain a simpler expression,
The expression (3.7) and the relation (3.8) are valid even in nonequilibrium and have in fact been used in dynamics [29, 40] . Note that the total stress tensor may be expressed as p 0 δ ij + Π ψij in binary mixtures, where p 0 is a large background pressure nearly uniform in the cell (with small variations arising from sounds and gravity).
B. Scaling and strong adsorption limit
We make Eq.(3.5) dimensionless by scaling the position r by a and ψ by ψ a , where ψ a is is a characteristic order parameter around the colloidal particles of the form,
Use of b cx in Eq.(2.2) gives ψ a = 1.47b cx (ξ 0 /a) β/ν . By scaling τ and ψ ∞ , we introduce two parameters, The scaled correlation length ξ/a is given byt −ν for τ > 0 on the critical path, 0.13|ŝ| −ν/β for τ = 0, and 0.3|t|
on CX. The CX curve is expressed asŝ = ±ŝ cx witĥ s cx = ψ cx /ψ a = 0.66|t| β from Eq.(2.2). In our calculations, we may use the scaled quantities only, where we need not specify the ratio ξ 0 /a ≪ 1. The scaling factors τ /t = (ξ 0 /a) 1/ν and ψ ∞ /b cxŝ = 1.47(ξ 0 /a) β/ν . are needed when our theoretical results are compared with experimental data. For example, if a/ξ 0 = 10 4 , they are 0.40 × 10 −6 and 0.011, respectively. We write the value of ψ on the colloid surfaces as ψ 0 . For sufficiently large ψ 0 , the near-wall behaviors of ψ and ω loc are expressed as [22, 28, 42] ψ ∼ ξ
where λ is the distance from such a surface. We here assume that λ is shorter than the correlation length ξ = ξ(τ, ψ ∞ ) far from the surface. The length ℓ 0 is of the order of the local correlation length near the surface (∝ ψ −ν/β 0 ) [22] . In terms of b cx in Eq.(2.2), we have
where we assume b
ν/β . For λ ≫ ℓ 0 , ψ and ω loc become independent of ℓ 0 or ψ 0 . From Eq.(3.1), we obtain the scaling relation,
The strong adsorption condition ξ 1/2 0 ψ 0 ≫ |τ | β is realized with increasing h 1 or on approaching the bulk criticality. In our numerical analysis, we assume h 1 /C(ψ 0 ) = 170ψ a /a to obtain ψ 0 /ψ a ∼ 10. See Fig.1 for the near-wall behaviors of ψ and ω loc in the strong adsorption.
The integral of ψ in the near-wall layers with 0 < λ < ℓ 0 is proportional to ψ 0 ℓ 0 ∼ ψ 1−ν/β 0 and becomes negligible for large ψ 0 (since ν/β ∼ 2), while that in the region ℓ 0 < λ < ξ(τ, ψ ∞ ) grows as ξ 1−β/ν (critical adsorption) [19] . It follows a well-defined preferential adsorption,
which is independent of h 1 for large h 1 . On the other hand, the integral of ω loc in the layers with 0 < λ < ℓ 0 and the surface free energy in Eq.(3.2) (∝ h 1 ) are both proportional to ψ 2ν/β 0
and are large in magnitude. However, they are constants nearly independent of τ and ψ ∞ and are irrelevant in the capillary condensation and the bridging transition (see discussions below Eq.(3.24)), which much simplifies our results.
In the strong adsorption regime, the profile of ψ is highly nontrivial for negative ψ ∞ , since ψ changes from a large positive value near the surface to ψ ∞ < 0 far from it. To illustrate this aspect, we here consider the simplest case of a single spherical particle [43] , where ψ(r) is a function of the distance r from the particle center. In this case, if ψ ∞ approaches the CX value −ψ cx under the condition ξ ∼ = ξ cx ≪ a, the thickness of the adsorption layer increases logarithmically with increasing a as [43] 
It is also known that the contribution to Ω from the transition region (r − a ∼ ξ ad ) is of order 4πa 2 σ, where σ is the surface tension in Eq.(2.12).
In Fig.1 , ψ(r)/ψ a and ω loc (r)a 3 /k B T c are displayed around a single colloidal particle fort = −8, wherê s = ±1.30 on the positive and negative branches of CX.. Forŝ = 1.31, the adsorption layer thickness is ξ = 0.09a. Forŝ = −1.31, it is thicker than ξ by a few times and is of order ξ ad in Eq.(2.19). Furthermore, forŝ = −1.31, ω loc (r)a 3 /k B T c exhibits a peak around r − a ∼ ξ ad with its area being about σa 2 /k B T c . However, the peak recedes and diminishes for smallerŝ (−1.38 and −1.45).
C. Two colloidal particles
As in Fig.2 , we consider two colloidal particles with equal radius a. In our numerical analysis, they are placed in the middle of a cylindrical cell with radius R 0 = 8a and height H 0 = 16a. The system is then in the region 0 < (x 2 + y 2 ) 1/2 < R 0 and 0 < z < H 0 . The particle centers are at (0, 0, ±(ℓ/2 + a)) with ℓ being the surfaceto-surface separation distance. Hereafter, we set
When the system lengths (R 0 and L 0 ) much exceed a, it is convenient to write Ω as where Ω ∞ is the value of Ω for ℓ ≫ a. That is, if Ω 1 is the grand potential for one isolated colloidal particle, we have Ω ∞ = 2Ω 1 . The dimensionless quantity G is a universal function oft,ŝ, andl decaying to 0 for largel. Note that it is independent of h 1 in the strong adsorption limit, as discussed in Subsec.IIIB. The adsorption-induced force between the two colloidal particles is given by
The dimensionless functions F (l) and G(l) are related by We also have
In the derivative and the integral with respect tol,t andŝ are fixed.
From the calculations in Appendix A, the normalized force F is expressed in a convenient form,
where the integral is on the xy plane with z = 0 (the midplane between the two colloidal particles). From the geometrical symmetry, ∂ψ/∂z = 0 on this plane, we may set Π ψzz = Π ∞ − ω loc from Eq.(3.10). Also the integral dxdy may be replaced by 2π drr, since ω loc (x, y, 0) depends only on r = (x 2 +y 2 ) 1/2 . If ℓ ≫ ℓ 0 , the midplane is far from the transition layers with thickness ℓ 0 and ω loc (x, y, 0) becomes independent of ψ 0 or h 1 . In this paper, we thus calculate F from Eq. (3.24) .
Notice that we may use Eq.(3.15) on the midplane between the two colloidal particles for small ℓ [44] , where we set λ = ℓ+r 2 /a ≫ ℓ 0 with r = (x 2 +y 2 ) 1/2 . In Eq.(3.24), the integral in the range r (ℓa) 1/2 then becomes
To be precise, Eq.(3.24) yields liml →0l 2 F = 0.205π as the coefficient in Eq. (3.25) . In Appendix B, the Derjaguin approximation [3, 4, 18] for smalll will yield 26) with ∆ cri ∼ = 0.279. The coefficient π∆ cri is somewhat larger than that from Eq.(3.24). This small-l behavior stems from the de Gennes-Fisher theory for near-critical films [11, 21, 24] . Furthermore, in Appendix B, we shall see that if ℓ exceeds the correlation length ξ without bridging, F and G decay exponentially as 27) where ξ is determined by τ and ψ ∞ from Eq.(2.9). These relations follow in separated states if the midpoint value of ψ at z = x = y = 0 is close to ψ ∞ [28] . Note that Eq. (3.26) holds forl ξ/a and Eq.(3.27) for ξ/a l ≪ 1. However, the exponential decays in Eq.(3.27) are observed even forl ∼ 1 in our numerical analysis (see Figs.5 and 6). The same exponential form of G was found in the previous papers [10, 24, 45] .
D. Numerical results without bridging transition
In Figs.3-6 , we present numerical results where there is no bridging transition. We aim to show that G and F are much more enhanced forŝ < 0 than forŝ > 0.
In the left panel of Fig.3 , we show curves ofl 2 F vsl calculated from Eq.(3.24) and those from the Derjaguin approximation for (τ ,ŝ) = (0, −1) and (5, 0). They tend to a constant asl → 0 as in Eqs. (3.25) and (3.26) . Remarkably, forŝ < 0 andt = 0,l 2 F increases up to of order 10 to exhibit a peak as a function ofl, where the peak position is at ℓ ∼ = 6.14ξ from Eq.(B10). On the other hand, fort > 0 andŝ = 0,l 2 F exhibits only a rounded maximum of order 1 at ℓ ∼ 1.64ξ from Eq.(B12). We recognize that the force is much enhanced for negativeŝ and the Derjaguin approximation nicely holds forl 1. In the right panel of Fig.3 , we present ψ(x, 0, z)/ψ a in gradation for (τ ,ŝ,l) = (0, −1, 0.4) in the xz plane, where ψ is large in the region between the two colloidal particles.
In Fig.4 , for (τ ,ŝ) = (3, −1), we show ψ(r, 0)/ψ a and rω loc (r, 0) × 2πa 2 /k B T c vs r/a = (x 2 + y 2 ) 1/2 /a at z = 0. We changel as 1, 0.4, 0.2, and 0.008. Forl = 1, the two collloidal particles are so separated such that ψ(r, 0) < 0 resulting in a small F = 1.1. On the other curves of smallerl, ψ(r, 0) decreases from positive to negative with increasing r and F increases dramatically up to 219. The behavior of the latter curves are consistent with the theoretical expressions:
, at z = 0, which follow from Eqs.(3.14) and (3.15) with λ = ℓ + r 2 /a ≫ ℓ 0 as in Eq.(3.25). Next, we plot G and F vsl for six values ofŝ atτ = 0 in Fig.5 and for five values of (t,ŝ) withτ > 0 in Fig.6 on semi-logarithmic scales. In these examples, there is no bridging transition for anyl. For smalll, we have the behaviors in Eq.(3.26). For relatively largel (ξ ≪ ℓ a), both G and F decay exponentially as exp(−ℓ/ξ). We confirm that the slopes of these curves are close to a/ξ forl ∼ 1, where ξ is calculated from Eq.(2.9). We can again see that F is well approximated by the Derjaguin approximation forl 1.
E. Van der Waals interaction
So far, we have not explicitly accounted for the pairwise van der Waals interaction [3] among constituent molecules, which was treated as one of the main elements causing colloid aggregation [7, 46] . The resultant potential U vdw (r) between two colloidal particles with equal radius a is written as [4, 18] 
where r = 2a + ℓ is the center-to-center distance. The Hamaker constant A H is in many cases of order 10 −19 J, but it can change its sign [3, 19] and can be very small for some systems of colloids and binary mixtures [10] . Without charges, the total potential is of the form,
consisting of the adsorption-induced part and the van der Waals part. The former is very sensitive to τ and ψ ∞ in the critical ranges, while the latter is insensitive to them. If we further include the charge effects, we should add an appropriate chrage-induced interaction U C in Eq.(3.29) [7, 10, 11, 20, 24] (see item (3) in Sec.V for more discussions).
The force from the van der Waals interaction reads
2 This behavior is the same as that of F in Eq.(3.26). So we compare the coefficients in front of the powerl −2 of the two forces, A H /12a and π∆ cri × k B T c /a, to obtain the ratio,
where the denominator is 0.4 × 10 −19 J for T c ∼ = 300K. If |A H | is smaller than 0.4 × 10 −19 J, we have |R vdw | < 1 and the van der Waals interaction is weaker than the adsorption-induced interaction at least for smalll.
However,l 2 F grows forŝ < 0 with increasingl as in Fig.3 , so we need to examine the relative importance of the van der Waals interaction and the adsorption-induced interaction for largerl. To this end, in Fig.7 , we plot ℓ 2 F /π∆ cri for four typical cases together with
In Fig.7 , while all the curves start from unity forl → 0, the normalized quantityl 2 F /π∆ cri increases up to a maximum about 10 forŝ < 0 without bridging formation and can even be of order 100 close to a bridging transition with increasingl. Thus, at an off-critical composition withŝ < 0, the adsorption-induced interaction can well dominate over the van der Waals interaction (even for |A H | ∼ 10 −19 J). 
IV. BRIDGING TRANSITION BETWEEN TWO COLLOIDAL PARTICLES
In this section, we study the bridging transition for s < 0 between two colloidal particles in a near-critical binary mixture. In our case, ψ assumes the profiles of s < 0 in Fig.1 in separated states , where the adsorption layer has a thickness of order ξ av in Eq. (3.19) . A bridging transition can then occur in a wide range of ℓ(< 2.6a) under the condition ξ/a ∼ 0.3|t| −ν < 1. In the previous papers [6, [31] [32] [33] [34] , bridging between two spheres or between a sphere and a plate were studied numerically for small separation ℓ (say ∼ 0.2a) far from the criticality.
A. Phase diagrams
In Fig.8 , we first show a phase diagram of the bridging transition in thet-ŝ-l space outside CX. We find a surface of a first-order bridging transition, bounded by CX and a bridging critical line. As functions of (t,ŝ), the normalized separationl may be written on the transition surface and on the critical line aŝ
respectively. Across this surface, discontinuities appear in F and the adsorption Γ in Eq.(3.18), which tend to vanish on approaching the critical line. The critical line tangentially ends on CX at (t,ŝ,l) ∼ = (−1.0, −0.66, 2.6).
The maximum ofl at a transition is thus 2.6. In Fig.9 , phase diagrams in thet-ŝ andt-µ ∞ /µ a planes are presented, where µ ∞ is related to ψ ∞ by Eq.(3.4) and scaled by µ a = k B T c /a 3 ψ a . In these phase diagrams, a first-order bridging transition occurs at somel in the region between CX and the bridging critical line, where the latter approaches CX tangentially. We also write cross-sectional bridging transition lines at fixed ℓ (equal to 1.4 and 1.04) on the bridging transition surface, each starting from CX and ending at a point on the critical line. In our case, these lines are nearly straight in the two phase diagrams in Fig.9 . Previously, bridging transition lines at fixed separation ℓ were drawn [24, 31, 33] . For near-critical films, on the other hand, the capillary condensation line is detached from CX. As a result, it is considerably curved in the τ -ψ ∞ plane [28] , but is nearly straight in the τ -µ ∞ plane [29] .
The phase behavior at fixed separation ℓ is particularly intriguing. In the left panel of Fig.10 , we show a phase diagram in thet-l plane, where we write the critical linê ℓ =l c (t) and the transition linel =l cx (t) on CX. The latter is defined bŷ ℓ cx (t) =l tr (t, −ŝ cx (t)), (4.2) where −ŝ cx (t) = −0.68|t| β/ν is the vallue ofŝ on the negative branch of CX. These two lines merge at (t,l) = (−1, 2.6) on CX. Then, let us varyŝ at fixedl andt. (i) Ifl >l cx (t), separated states are realized without bridging for anyŝ. (ii) Ifl cx (t) >l >l cx (t),we encounter the transition surface at a certainŝ to find a discontinuous change. (iii) Forl <l cx (t), a bridging domain appears with a well-defined interface close to CX, but disconnection occurs continuously with incresaing the distance from CX. In this changeover, it is puzzling how the interface becomes ill-defined gradually (see Fig.17 ).
In the right panel of Fig.10 , we plot the bridging radius r b vsl att = −8 forŝ = −1.31, −1.35, and −1.4, which correspond to the three marked points in the top panel of Fig.9 . We determine r b from the condition ψ(r b , 0) = 0 at z = 0, where ψ(r, 0) changes from positive to negative at r = r b with a bridging domain in the rangel <l tr (t,ŝ). As a function of ℓ at each (t,ŝ), r b is shortest at the transition and increases with decreasingl. It is about a for sufficiently smalll. Also it is smaller near the critical line. In fact, r b ∼ = 0.2a at the transition forŝ = −1.4.
The transition surface is determined from minimization of Ω or maximization of G from Eq.(3.21). In the left panels of Fig.11 , we plot G andl ℓ 0.6. For this (t,ŝ), we find two stationary solutions satisfying Eqs.(3.1) and (3.5) in a window range (0.96 <l < 1.08 for this example). Outside this range, one solution becomes unstable and the other one remains as a stable solution. In the bistable range, G is larger on the equilibrium branch and smaller on the metastable one, so the transition is at the crosspoint of the two branches of G.
In Fig.11 , the slope of G is very steep with bridging. It is −37.8 at the transition, wherel = 1.04 ≫ ξ/a = 0.09. It is further amplified for smallerl and is −76.6 at ℓ = 0.08 ∼ = ξ/a. Here, for ℓ ≫ ξ, a well-defined bridging domain exists and G changes with a change of its surface area. In fact, use of the surface tension σ in Eq.(2.12) gives 2πa
2 σ/k B T c = 57.9 att = −8. Thus, with a welldefined bridge, Eq.(3.24) yields the capillary force [4, 30] ,
This relation is valid for ℓ ξ. For smaller ℓ ξ, the growth (∼l −2 ) in Eq.(3.25) becomes dominant. These features will be further examined in Figs.12, 13, and 16.
In the original units, the force with a well-defined bridge is of order k B T c a/ξ 2 , which increases as we move away from the bulk criticality. Also in Fig.14 below, we shall see that F increases with lowering τ , where bridging occurs continuously. However, the exponential tail of the interaction in Eq.(3.27) in separated states (∝ e −ℓ/ξ ) increases as the bulk criticality is approached, which was indeed observed experimentally [11] .
In the right panels of Fig.11 , we display ψ(r, z)/ψ a in the plane of r = (x 2 + y 2 ) 1/2 and z in two bridged and one separated states at differentl. We can see that the bridging radius r b is larger in (a) (far below the bridging transition) than in (b) (close to it). The midplane between the two particles is filled with the phase outside the particles in (c) in a separated state.
In these phase diagrams the lowest value oft is −10. With further loweingt, there is still a tendency of decreasingl cx andl c . For example, fort = −20, we find ℓ cx = 0.69 on CX and (l,ŝ) = (l c ,ŝ c ) = (0.395, −2.0) at the corresponding bridging critical point.
B. Profiles at transition and critical points
In Figs.12 and 13 , we compare the profiles of ψ(r, z) and ω loc (r, z) in separated and bridged states at two typical transition points on the bridging transition surface in Fig.8 . That is, (t,ŝ,l) is (−8, −1.31, 1.04) in Fig.12 and is (−2, −0.83, 1.99) in Fig.13 . These points correspond to points (A) and (B) in Fig.9 . The former in Fig.12 is relatively far from the bulk criticality with ξ/a ∼ = 0.09 and the interface is well-defined. The latter in Fig.13 is closer to it with ξ/a ∼ = 0.19 and the interface is broadened and the separation is widened tol = 1.99.
More remarks on Figs.12 and 13 are as follows. (i) The profiles of ψ/ψ a are distinctly different in the separated and bridged states. Its midpoint value is 1.27 in (a) and −1.07 in (a') in Fig.12 , while it is 0.54 in (a) and −0.31 in (a') in Fig.13. (ii) We can see layer regions with a peak in ω loc a 3 /k B T c , which enclose the colloid surfaces at a distance of order ξ ad in Eq.(3.19) except for the bridged surface regions. See Fig.1 for the profile ofŝ = −1.31 around a single particle. These layers around the two spheres are separated in (b), while they are detached from the colloid surfaces in the bridged parts in (b'). (iii) We also display ω loc a 3 /k B T c in bird's eye views in (c) and (c'), Comparing them, we recognize how a discontinuous change occurs with the total grand potential unchanged. (iv) In the bottom plates, we plot one-dimensional profiles of ω loc a 3 /k B T c in the two states. They are presented along the z axis at r = 0 in (d) and along the r axis at z = 0 and −0.2a in (e). Note that the integral ∞ 0 drrω loc a/k B T c is equal to F /2π from Eq.(3.24) and is of order r b aσ with σ being the surface tension.
Figsures 12 and 13 demonstrate that there should be a balance between the free energy cost of creating a bridge (∼ πσℓr b ) and the free energy decrease on the colloid surfaces (∼ −πσr We also examine the behavior of F and the profile of ψ near the critical line. In Fig.14 , we plot F vst for four sets of (ŝ,l). Here, the force F increases with loweringt < 0. The right two curves are in regions with ℓ < ℓ c in Fig.8 and there is no discontinuous change (as in Fig.17 below) . The third curve meets a critical point (t,ŝ,l) = (−0.67, −1.35, 0.76). On these curves, bridging is achieved continuously ast is lowered. The fourth curve passes through the bridging transition surface and exhibits a discontinuous change. The slope ∂F /∂t becomes steep near the critical line and diverges on it.
C. Overall behaviors
In Fig.15 , we plot G, F , and the normalized excess adsorption (Γ − Γ ∞ )/a 3 ψ a vsl att = −8 for six values ofŝ. Here, Γ is the adsorption in Eq.(3.18) and Γ ∞ is its value for large separation. A discontinuous bridging transition occurs forŝ = −1.31, −1.35, and −1.4, while there is no discontinuity forŝ = −1.43, −1.5, and −1.6. In the latter, Γ − Γ 0 becomes negative forl < 0.08 (not shown). For (d), the curves nearly pass through a critical point, where we have very steep slopes: ∂F /∂l = −3413 and (∂Γ/∂l)/a 3 ψ a = −39.5. This behavior indicates divergence of ∂F /∂l and ∂Γ/∂l on the bridging critical line. In addition, the curves of (Γ − Γ ∞ )/a 3 ψ a vsl exhibit rounded maxima at an intermediatel. This behavior can be understood from the right panel of Fig.10 , where the bridging radius r b increases with decreasingl. In Fig.15 , the formula (4.3) for bridged states holds forl ξ/a = 0.09. For smallerl, F diverges as in Eq.(3.25). In Fig.16 , we thus plot ψ(r, 0)/ψ a and rω loc (r, 0) × 2πa 2 /k B T c as functions of r/a at z = 0 in the midplane at (t,ŝ) = (−8, −1.31) forl = 0.4, 0.2, and 0.08. We recognize growing of ψ and ω loc on the midplane with decreasingl ξ/a.
We also examine how a continuous changeover between bridged and separated states is achieved for smalll < ℓ c (t). This case has been mentioned in the explanation of Fig.10 . In Fig.17 , we display ψ(r, 0)/ψ a and rω loc (r, 0) × 2πa 2 /k B T c vs r/a at z = 0 fort = −8 andl = 0.5. Here, s is decreased from a value close to CX, −1.31, to smaller values away from CX. The profile of ψ(r, 0)/ψ a atŝ = −1.31 indicates the presence of a well-defined interface with a thickness of order ξ. However, with decreasingŝ from -1.31 to -1.7, the profile of ψ(r, 0)/ψ a is gradually broadened and F decreases from 67.7 to 13.8.
D. Stability of separation distance
In Figs.14 and 15, the derivatives ∂F /∂l(∝ ∂ 2 Ω/∂ℓ 2 ) and ∂F /∂t(∝ ∂ 2 Ω/∂ℓ∂τ ) are negative and tend to diverge as the bridging critical line is approached. We mention one implication of this singular behavior.
In this paper, we have been fixing the colloid separation ℓ at a constant. To achieve this constraint, let us suppose the presence of an externally applied potential U ext (ℓ) between two colloidal particles. It is worth noting that optical tweezers have been used to trap colloidal particles at small separation [11, 47] . In equilibrium, we should minimize the sum Ω + U ext with respec to ℓ. Then, the equilibrium separation ℓ is determined from
In order to ensure the stability of this equilibrium separation ℓ, we need to require
where K ext (ℓ) is the spring constant of the externally applied potential. The thermal fluctuation of the separation ℓ is increased with decreasing the effective spring constant
2 )∂F /∂l while K eff > 0. However, there is a possibility of violation of the inequality (4.5) or negativity of K eff sufficiently close to the bridging critical line, where the colloid configuration determined from Eq.(4.4) is unstable.
V. SUMMARY AND REMARKS
We have investigated the adsorption-induced interaction between two neutral colloidal particles with common radius a in a near-critical binary mixture. Use has been made of our local functional theory [28] . In the strong adsorption limit, we have calculated the normalized free energy deviation G (with minus sign) and the normalized force F as universal functions of scaled reduced temperaturet = τ /τ a (where τ a = (ξ 0 /a) 1/ν ), scaled reservoir order parameterŝ = ψ ∞ /ψ a (where ψ a ∼ τ β a ), and scaled separation distancel = ℓ/a.
Main results are as follows. (i) We have expressed the forces for many colloidal particles in Eq.(3.6) and the force between two neutral colloidal particles in Eq.(3.24) using the stress tensor due to the order parameter deviation. Some general discussions on this aspect are given in Appendix A. Generalization including charges will be presented in another paper.
(ii) The interaction is much enhanced forŝ < 0 as in Figs.3-7 , where the component favored by the colloid surfaces is poor in the reservoir and the order parameter disturbances around the surfaces are large as in Fig.1 . It is 10-100 times larger than at the bulk criticality. (iii) The Derjaguin approximation [3, 4] can be made on the force F forl 1 on the basis of the results for films in our previous paper [28] , as discussed in Appendix B. It cannot describe the bridging transition, but it predicts the short separation growth in Eq.(3.26) and the exponential decay for largel in Eq. (3.27) . These results agree with the calculations from Eq. We give some remarks below.
(1) To measure the force between colloidal particles, the geometry of a sphere and a plate has mostly been used [11, 34] , while the geometry of two spheres was also used in a liquid crystal solvent [47] . In these two geometries, we expect essentially the same theoretical results for near-critical fluids. Systematic experiments on the force and the bridge formation at off-critical compositions near the bulk criticality should be promising. (2) There can arise repulsion between solid objects with asymmetric boundary conditions (with different signs of h 1 ) [12, 24, 25] . The adsorption-induced interaction in such asymmetric conditions should also be studied. (3) Real colloidal particles are usually charged and the charge effect can be crucial [7] [8] [9] [10] [11] . For example, between a sphere and a plate, Hertlein et al. [11] measured the adsorption-induced attractive interaction for ℓ 0.1µm with a = 1.85µm for various τ at the critical composition. In their experiment, the screened Coulomb interaction was dominant for smaller ℓ and decayed exponentially (∝ e −κℓ ) with salt, where the screening length κ −1 (= 12nm) was shorter than ℓ measured. (4) The degree of ionization depends on the composition and the ion densities. In aqueous fluids, the colloid surface can be hydophobic for weak ionization and hydrophilic with progress of ionization [7, 8, 20] . Futhermore, added salts act as selective impurities to cause precipitation forming a wetting layer on the surfaces [20, 48] . Aggregation of colloids depends on these elements. (5) The colloidal particles interact with the two components differently in a mixture solvent. They constitute a three component system, where the phase separation behavior is greatly altered by a small amount of the colloidal particles acting as selective impurities [8, 17, 48] . (6) Dynamics of bridging and aggregation of colloidal particles should be of great interest, where the hydrodynamic flow is crucial [29, 36] . Dynamical aspects have not yet been fully studied experimentally. Simulations on the dynamics of charged colloids, is complicated, where we need to integrate the dynamic equations for the composition, the ions, and the collodal particles [29, 40] . (7) We should examine the nanobubble bridging in water [35] . From our viewpoint, nanobubbles can appear with addition of a small amount of hydrophobic impurities in water [48] . Particularly intriguing is dynamics of bubble formation and disruption upon a pressure change [36] . colloidal particles in terms of stress tensor
We consider two configurations of colloid particles in a near-critical fluid. That is, the colloid centers are at R α in one configuration and at R α + δR α in another slightly displaced one (α = 1, 2, · · ·). In these two states, we write the profiles of ψ as ψ(r) and ψ ′ (r ′ ) using different symbols. The space positions are written as r and r ′ , respectively. We are interested in the difference between the grand potentials, Ω = Ω({R α }) and Ω ′ = Ω({R α + δR α }), for these two states. From Eqs.(3.2) and (3.3), the grand potential Ω ′ for ψ ′ (r ′ ) is written as
where
, and
The ′ dr ′ is the integral outside the displaced colloidal particle, while dS ′ is that on their spherical surfaces. We assume ψ → ψ ∞ far from the colloidal particles.
As a mathematical technique, we assume a mapping relation between the positions r ′ and r as
where u is a displacement vector vanishing far from the colloidal particles. Its surface value on the α-th colloid particle is given by δR α . We rewrite the right hand side of Eq.(A.1) by changing x 2 , x 3 ). To first order in u, we may set dr ′ = dr(1+∇·u) and ∂/∂x
The deviation of the order parameter is written as
To first order in u and δψ, we calculate δΩ = Ω ′ − Ω as
where C ′ = ∂C/∂φ, ∇ i = ∂/∂x i , and dr is the integral outside the colloidal particles at the original colloid positions, and dS is that on their surfaces. Using Π ψij in Eq.(3.7), Π ∞ in Eq.(3.9), and δΩ/δψ = δF b /δψ − µ ∞ (see Eq.(3.5)), we simplify Eq.(A6) as
This relation is general and valid even in nonequilibrium.
In this paper, we assume that the original state is in equilibrium. That is, we assume the equilibrium relations (3.1) and (3.5) for ψ(r). Then, only the first term remains in Eq.(A7). Further using the equilibrium relation j ∇ j Π ψij = 0 in the fluid and u = δR α on the surface of the α-th colloidal particle, we may rewrite Eq.(A7) as
where α dS is the integral on the surface of the α-th colloidal particle and n α = (n αx , n αy , n αz ) is the normal unit vector. This yields Eq.(3.6).
In the equilibrium case of two colloidal particles in Fig.2 , we set δR 1 = δℓe z and δR 1 = 0, where e z is the unit vector along the z axis. From Eq.(A8), ∂Ω/∂ℓ = lim δℓ→0 δΩ/δℓ is obtained as
where the surface integral is on the surface of the first colloidal particle. However, the above formula is not suitable for numerical calculations in the strong adsorption case. To devise a more convenient one, we integrate the equilibrium equation j ∇ j Π zj = 0 in the fluid region bounded by the upper colloid surface, a semisphere surface S semi , and a circular surface S mid (see Fig.1 ), where the latter surfaces are represented by S semi = {(x, y, z)|z > 0,
S mid = {(x, y, z)|z = 0,
Then ∂Ω/∂ℓ in Eq.(A9) is equal to the sum of the surface integrals on S mid and S semi . In the limit of large L, the integral on S semi vanishes and that on S mid yields Eq.(3.24), where we use Eq.(3.10) and the relation ∂ψ/∂z = 0 on the midplane.
Appendix B: Derjaguin approximation
In non-bridging situations (with ξ ≪ a), we may use the Derjaguin approximation for ℓ a [3, 4] . Though not exact, it provides a simple relation between the interaction free energy between two colloidal particles and that between two plates in the common boundary conditions. It is justified when the two spheres are closely separated without formation of a bridging domain.
We write the grand potential for a film per unit area as Ω f (D), where D is the film thickness. Then, we have
where Ω f∞ is the limit of Ω f for large D. Here, we have set D = ℓ + r 2 /a to change the integration on the xy plane as dxdy = 2π drr = πa dD, as in Eq.(3.25). For Ising-like near-critical systems, Ω f (D) is expressed in the de Gennes-Fisher scaling form [21, 22] as
in three dimensions. In our previous paper [28] , we calculated ∆(t, s) in the strong adsorption limit as a universal function of two scaling parameters t and s defined by 
We introduce two new scaling parameters,
with ψ ℓ = 1.47b cx (ξ 0 /ℓ) β/ν . Here, D in t and s is replaced by ℓ in t ℓ and s ℓ . For smalll, the productslG andl 2 F are determined only by t ℓ and s ℓ from Eqs.(B4) and (B5).
We previously introduced another universal amplitude for near-critical films, written as A(t, s), where the osmotic pressure is expressed as Π = −k B T A/D 3 [28] . It is related to ∆(t, s) in three dimensions by A(t, s) = 2 − βs ν ∂ ∂s − t ν ∂ ∂t ∆(t, s).
We notice that differentiation of F in Eq.(B5) with respect tol at fixedt andŝ just yields ∂ ∂l F ∼ = −πl −3 A(t ℓ , s ℓ ).
We remark the following. (i) First, for small t and s, ∆(t, s) approaches its critical-point value ∆ cri = ∆(0, 0) ∼ = 0.279 [28] . Thus, G and F grow as in Eq. 
where ξ is defined by Eq.(2.9) (see the sentences below Eq.(3.13)). This explains the large maximum ofl 2 F for (t,ŝ) = (0, −1) in Fig.3 . (iii) Third, for ψ ∞ = 0 and τ > 0 (on the critical path), we obtain ℓ 2 F /π ∼ = ∆(t ℓ , 0).
See Fig.8 of Ref. [28] for ∆(t, 0). Fort > 0,l 2 F /π starts from ∆ cri , takes a mild maximum about 0.544 = 1.95∆ cri at t ℓ = 2.30 or atl ∼ = 1.64t −ν = 1.64ξ/a,
and goes to zero for largerl. This yields the mild minimum ofl 2 F for (t,ŝ) = (5, 0) in Fig.3 . Finally, we discuss how F and G behave away from the criticality or for |t ℓ | ≫ 1 or |ŝ ℓ | ≫ 1. Our previous work [28] indicates that if |t| ≫ 1 or |s| ≫ 1, A(t, s) decays as
where ξ is defined by Eq.(2.9). Let the midplane value of ψ at z = D/2 be denoted by ψ m for a film. Then, Eq.(B13) follows for ψ m ∼ = ψ ∞ , where we hve − ln(ψ m /ψ ∞ − 1) ∼ D/2ξ and A ∼ = D 3 f ′′ (ψ ∞ )(ψ m − ψ ∞ ) 2 /k B T c [28] . We now need to replace (t, s) by (t ℓ , s ℓ ) in Eq.(B13). To this end, we consider the combinations,
which do not depend on a, D, and ℓ. We may assume the scaling relation ξ = ξ 0 |τ | −ν M (q) in the critical region
